Abstract. We prove a companion forms theorem for ordinary n-dimensional automorphic Galois representations, by use of automorphy lifting theorems developed by the second author, and a technique for deducing companion forms theorems due to the first author. We deduce results about the possible Serre weights of mod l Galois representations corresponding to automorphic representations on unitary groups. We then use functoriality to prove similar results for automorphic representations of GSp 4 over totally real fields.
This problem was essentially resolved by Gross and Coleman-Voloch ( [Gro90] , [CV92] ). In the paper [Gee07] , the first author reproved these results, and generalised them to Hilbert modular forms, by a completely new technique. In essence, rather than working directly with modular forms, the method is to firstly obtain a Galois representation which should correspond to a modular form in the soughtafter Hida family, and then to use a modularity lifting theorem to prove that this Galois representation is modular. In [Gee07] the Galois representation is obtained by using a generalisation of a lifting technique of Ramakrishna, which is proved by purely deformation theory techniques. The modularity is then obtained from the R = T theorem of Kisin for Hilbert modular forms of parallel weight 2 ( [Kis07b] ).
These techniques seem amenable to generalisation (to other reductive groups over more general number fields), subject to some important caveats. In particular, it is necessary to have modularity lifting theorems available over fields in which l is highly ramified. The current technology for modularity lifting theorems requires one to work with reductive groups which admit discrete series, and to work over totally real or CM fields; so it is impossible at present to work directly with GL n for n > 2. Instead, one works with closely related groups, such as unitary or symplectic groups, which do admit discrete series.
In the present paper we make use of R = T theorems for unitary groups to deduce companion forms theorems for unitary groups (in arbitrary dimension), and thus for conjugate self-dual automorphic representations of GL n over CM fields. We then deduce similar theorems for GSp 4 by developing the relevant deformation theory and employing known instances of functoriality. The analogue for unitary groups of the R = T theorems of [Kis07b] seem to be out of reach at present, and we use the main theorems of [Ger09] instead. As explained below, this in fact allows us to prove stronger theorems than the natural analogue of [Kis07b] would permit. We replace the use of Ramakrishna's techniques in [Gee07] with a method of Khare and Wintenberger, which allows weaker hypotheses on local deformation problems.
To our knowledge the only results on companion forms for groups other than GL 2 are those announced for GSp 4 over Q in [HT08] (see also [Til09] ). Our results are rather stronger than those of [HT08] in several respects. We are able to work with arbitrary totally real fields (with no restriction on ramification at l), rather than just over Q, and we do not need any assumption that the residual Galois representation occurs at minimal level (indeed, one may deduce results on level lowering for GSp 4 from our theorem). In addition, the results of [HT08] apply only in one special case, effectively one of 8 cases (corresponding to the 8 elements of the Weyl group of GSp 4 ) where one could hope to prove a companion forms theorem; this is in part due to the fact that their techniques only apply to Galois representations in the Fontaine-Laffaille range. In contrast, we make no such restrictions. We hope that these results will prove useful for generalisations of the Buzzard-Taylor method to GSp 4 , as part of a program of Tilouine. In recent years there has been a good deal of interest in generalisations of Serre's conjecture (cf. [ADP02] ) and in particular in the question of determining the set of weights of a given Galois representation (cf. [Her09] ). One of us (T.G.) has formulated a conjecture to the effect that the set of weights should be determined completely by the existence of (local) crystalline lifts (cf. [Gee06] ). In general this seems to be a very difficult conjecture to prove, but our methods give a substantial partial result; essentially we prove the conjecture (subject to mild technical hypotheses) for ordinary weights for unitary groups which are compact at infinity. See section 6 for the precise statements.
We now outline the structure of the paper. In section 3 we develop the basic deformation theory that we need. We then recall in section 4 the necessary material on ordinary automorphic representations on unitary groups and modularity lifting theorems for the corresponding Galois representations; in particular we recall the main theorem of [Ger09] .
Section 5 contains our main theorems for unitary groups; the corresponding Galois representations are conjugate self-dual representations of the absolute Galois group of an imaginary CM field. Using the results of section 3 we give a lower bound for the dimension of a universal deformation ring, and the results of section 4 then permit us to prove that this universal deformation ring is finite over Z l , which implies that it has Q l -points, which correspond to the Galois representations we seek. The automorphy of these Galois representations follows at once from the modularity lifting theorems recalled in section 4. The particular universal deformation ring we consider is one for representations of the absolute Galois group of a totally real field, valued in a group G n defined in [CHT08] . Representations valued in this group correspond to representations which are self-dual with respect to some pairing; this permits us to prove results for both the conjugate self-dual representations considered in section 5, and the symplectic representations studied in later sections.
We remark that the Q l -points of universal deformation rings that we study in section 5 always correspond to ordinary crystalline representations of a certain weight. This is in contrast to the approach of [Gee07] , which used potentially crystalline representations corresponding to Hilbert modular forms of parallel weight 2 and non-trivial level at l. The required automorphic representations were then obtained by specialising Hida families through these points at the sought-for weight. The difficulty with following this approach in general is that if the weight is not sufficiently regular a specialisation of a Hida family at this weight may fail to be an unramified principal series at places dividing l (for example, a specialisation of a Hida family of modular forms in weight 2 can correspond to a Steinberg representation at l). It is for this reason that we use modularity lifting theorems for crystalline lifts instead.
In section 6 we deduce results about the possible Serre weights of mod l Galois representations corresponding to automorphic representations of compact at infinity unitary groups. In particular, we deduce that the possible ordinary weights are determined by the existence of local crystalline lifts. We remark that these are the first results in anything approaching this level of generality for any groups other than GL 2 .
Finally in section 7 we study the analogous questions for automorphic representations of GSp 4 over totally real fields. We use the known functoriality between globally generic cuspidal representations of GSp 4 and GL 4 to apply the methods of the earlier sections. In particular, we prove results analogous to those of section 3 for Galois representations valued in GSp 4 , and obtain a lower bound for the dimension of a universal deformation ring as in section 5. We then prove that this universal deformation ring is finite over the corresponding one for unitary representations, which allows us to deduce that our symplectic universal deformation ring is also finite over Z l . Our main results for symplectic representations follow from this.
We remark that in all our main theorems we actually obtain somewhat more precise results; we are also able to control the ramification of our Galois representations at places not dividing l, and we are able to choose our Galois representations so as to correspond to points on any particular set of irreducible components of the local deformation rings. Thus as a direct corollary of our results one obtains strong results on level lowering and level raising for ordinary automorphic Galois representations. Similarly, our method yields modularity lifting theorems for ordinary representations of GSp 4 which are rather stronger than those of [GT05] ; for example, we do not need to assume any form of level-lowering for GSp 4 , we work over general totally real fields, and we are not restricted to weights in the Fontaine-Laffaille range.
We would like to thank Wee Teck Gan, Florian Herzig, Mark Kisin and Richard Taylor for helpful conversations.
Notation
If M is a field, we let G M denote its absolute Galois group. Let ǫ denote the ladic or mod l cyclotomic character of G M . If M is a finite extension of Q p for some p, we write I M for the inertia subgroup of G M . We write all matrix transposes on the left; so t A is the transpose of A. If R is a local ring we write m R for the maximal ideal of R. We let Z n + denote the subset of elements λ ∈ Z n with λ 1 ≥ . . . ≥ λ n .
Galois deformations
3.1. Local deformation rings. Let l be a prime number and K a finite extension of Q l with residue field k and ring of integers O. Let M be a finite extension of Q p (with p possibly equal to l). Let ρ : G M → GL n (k) be a continuous representation. Let C O be the category of complete local Noetherian O-algebras with residue field k. Then the functor from C O to Sets which takes A ∈ C O to the set of liftings of ρ to a continuous homomorphism ρ : G M → GL n (A) is represented by a complete local Noetherian O-algebra R ρ . We call this ring the universal O-lifting ring of ρ. We write ρ : G M → GL n (R ρ ) for the universal lifting. We will need to consider certain quotients of R ρ .
3.1.1. The case where p = l. Firstly, we consider the case p = l. In this case, the quotients we wish to consider will correspond to particular inertial types. Recall that τ is an inertial type for G M over K if τ is a K-representation of I M with open kernel which extends to a representation of G M , and that we say that an l-adic representation of G M has type τ if the restriction of the corresponding WeilDeligne representation to I M is equivalent to τ . For any such τ there is a unique reduced, l-torsion free quotient R ,τ ρ of R ρ with the property that if E/K is a finite extension, then a map of O-algebras R ρ → E factors through R ,τ ρ if and only if the corresponding E-representation has type τ . Furthermore, we have:
2 and is generically formally smooth.
Proof. This is Theorem 2.0.6 of [Gee06] .
Of course, R ,τ ρ = 0 if and only if ρ has a lift of type τ .
3.1.2.
The case where p = l. Now assume that p = l. In this case, we wish to consider crystalline ordinary deformations of fixed weight. We assume from now on that K is large enough that any embedding M ֒→ K has image contained in K.
Notation. Recall that Z n + is the set of non-increasing n-tuples of integers. We say that λ ∈ (Z n + )
Hom(M,K) is regular if for each j = 1, . . . , n−1 there exists τ : M ֒→ K with λ τ,j > λ τ,j+1 .
Let ǫ be the l-adic cyclotomic character and let Art M : M × → W ab M be the Artin map (normalized to take uniformizers to lifts of geometric Frobenius).
Definition 3.1.2. Let λ be an element of (Z n + )
Hom(M,K) . We associate to λ an n-tuple of characters I M → O × as follows. For j = 1, . . . , n define
Note that χ λ j can also be thought of as the restriction to I M of any crystalline character G M → Q × l whose Hodge-Tate weight with respect to τ : M ֒→ Q l is given by (j − 1) + λ τ,n−j+1 for all τ (we use the convention that the Hodge-Tate weights of ǫ are all −1).
Let λ be an element of (Z n + ) Hom(M,K) . We associate to λ an l-adic Hodge type v λ in the sense of section 2.6 of [Kis08] as follows. Let D K denote the vector space
GM is a free B ⊗ Q l M 0 -module of rank n where M 0 is the maximal subfield of M which is unramified over Q l . Moreover, D B is equipped with a B-linear and ϕ 0 -semilinear morphism ϕ B where ϕ 0 denotes geometric Frobenius on M 0 . For each embedding τ : 
n of A n by locally free submodules which, locally, are direct summands and are such that Fil j has rank j.
Definition 3.1.3. Let E be an algebraic extension of K let B be a finite local E-algebra. Let ρ : G M → GL n (B) be a continuous homomorphism. We say that ρ
where for each j = 1, . . . , n the character ψ j agrees on an open subgroup of I M with the character χ λ j introduced above. Equivalently, ρ is ordinary of weight λ if there is a full flag 0 = Fil 0 ⊂ Fil 1 ⊂ . . . ⊂ Fil n = B n of B n which preserved by G M and such that the representation of G M on gr j = Fil j / Fil j−1 is potentially semistable and for each embedding τ : M ֒→ K, the Hodge-Tate weight of gr j with respect to τ is (j − 1) + λ τ,n−j+1 .
Lemma 3.1.4. Suppose that E is an algebraic extension of K and ρ : 
Proof. The fact that any upper-triangular representation of this form is crystalline follows easily as in the proof of Lemma 3.1.4, because the assumption that µ i µ
The fact that such an upper-triangular lift exists follows from the fact that H 2 (G M , u) = 0, where u is the subspace of the Lie algebra ad ρ consisting of strictly upper-triangular matrices. The vanishing of this cohomology group follows from Tate local duality and the existence of a filtration on u whose graded pieces are one-dimensional with G M acting via the characters µ i µ
We now recall some results of Kisin. Let λ be an element of (Z n + )
Hom(M,K) and let v λ be the associated l-adic Hodge type.
Definition 3.1.6. If B is a finite K-algebra and V B is a free B-module of rank n with a continuous action of G M that makes V B into a de Rham representation, then we say that V B is of l-adic Hodge type v λ if for each i there is an isomorphism of B ⊗ Q l M -modules
For example, if E is a finite extension of K and ρ : G M → GL n (E) is ordinary of weight λ, then ρ is of l-adic Hodge type v λ .
Corollary 2.7.7 of [Kis08] implies that there is a unique l-torsion-free quotient R v λ ,cr ρ of R ρ with the property that for any finite K-algebra B, a homomorphism of O-algebras ζ : corresponding to filtrations Fil which (i) are preserved by the induced action of G M and (ii) are such that I M acts on gr j = Fil j / Fil j−1 via the character χ λ j for each j = 1, . . . , n. The fact that G λ is a closed subscheme can proved in the same way as Lemma 3.1.2 of [Ger09] . Let R △ λ ,cr ρ be the image of R
In other words, Spec R △ λ ,cr ρ is the scheme theoretic image of the morphism
. The next result follows from Lemma 3.3.3 of [Ger09] . 3.1.3. The p = l case with a slight refinement. We continue to consider, as above, crystalline lifts of ρ which are ordinary of a given weight λ. A necessary condition for such lifts to exist is that ρ itself is conjugate to an upper triangular representation whose ordered n-tuple of diagonal characters, restricted to I M , is given by (χ λ 1 , . . . , χ λ n ). Let us assume that ρ has this property. In fact, let us fix characters µ 1 , . . . , µ n :
and assume that ρ is conjugate to an upper triangular representation whose ordered n-tuple of diagonal characters is µ := (µ 1 , . . . , µ n ). Note that if the characters χ λ j are not distinct, then we may have more than one choice for the ordered n-tuple (µ 1 , . . . , µ n ). We now would like to study crystalline lifts of ρ which are ordinary of weight λ and are such that for each j, the character ψ j of Definition 3.1.3 lifts µ j .
Let R µ denote the object of C O representing the functor which sends an object A of C O to the set of lifts (ψ 1 , . . . , ψ n ) of the ordered n-tuple (µ 1 , . . . , µ n ) with ψ j | IM = χ 
If E is a finite extension of K, a homomorphism of O-algebras ζ : R ρ,ΛM → E factors through R △ ρ,ΛM if and only if ζ • ρ is conjugate to an upper triangular representation whose ordered n-tuple of diagonal characters, restricted to I M , is the pushforward of (χ univ 1 , . . . , χ univ n ).
3.2. Global deformation rings.
3.2.1. The group G n . Let n be a positive integer, and let G n be the group scheme over Z which is the semidirect product of GL n × GL 1 by the group {1, j}, which acts on GL n × GL 1 by
There is a homomorphism ν : G n → GL 1 sending (g, µ) to µ and j to −1. Write g 0 n for the trace zero subspace of the Lie algebra of GL n , regarded as a Lie subalgebra of the Lie algebra of G n .
Definition 3.2.1. Let F + be a totally real field, and let r : 
Definition 3.2.2. Let k be an algebraic extension of the finite field F l . We say that a finite subgroup H ⊂ GL n (k) is big if the following conditions are satisfied.
• H has no quotient of l-power order.
3.2.3. Deformation problems. Let F/F + be a totally imaginary quadratic extension of a totally real field F + . Let c denote the non-trivial element of Gal(F/F + ). Let k denote a finite field of characteristic l and K a finite extension of Q l , inside a fixed algebraic closure Q l , with ring of integers O and residue field k. Assume that K contains the image of every embedding F ֒→ Q l and that the prime l is odd. Assume that every place in F + dividing l splits in F . Let S denote a finite set of finite places of F + which split in F , and assume that S contains every place dividing l. Let S l denote the set of places of F + lying over l. Let F (S) denote the maximal extension of F unramified away from S. Let G F + ,S = Gal(F (S)/F + ) and G F,S = Gal(F (S)/F ). For each v ∈ S choose a place v of F lying over v and let S denote the set of v for v ∈ S. For each place v|∞ of F + we let c v denote a choice of a complex conjugation at v in G F + ,S . For each place w of F we have a G F,S -conjugacy class of homomorphisms G Fw → G F,S . For v ∈ S we fix a choice of homomorphism
If R is a ring and r : G F + ,S → G n (R) is a homomorphism with r −1 (GL n (R) × GL 1 (R)) = G F,S , we will make a slight abuse of notation and write r| GF,S (respectively r| GF w for w a place of F ) to mean r| GF (respectively r| GF w ) composed with the projection GL n (R) × GL 1 (R) → GL n (R).
Fix a continuous homomorphism
and fix a continuous character χ :
Assume thatr| GF,S is absolutely irreducible. As in Definition 1.2.1 of [CHT08] , we define
• a lifting ofr to an object A of C O to be a continuous homomorphism r : G F + ,S → G n (A) liftingr and with ν • r = χ; • two liftings r, r ′ ofr to A to be equivalent if they are conjugate by an element of ker(GL n (A) → GL n (k)); • a deformation ofr to an object A of C O to be an equivalence class of liftings. For each place v ∈ S, let R r|G F v denote the universal O-lifting ring ofr| GF v and let R v denote a quotient of R r|G F v which satisfies the following property:
(*) let A be an object of C O and let ζ, ζ ′ : R r|G F v → A be homomorphisms corresponding to two lifts r and r ′ ofr| GF v which are conjugate by an element of ker(GL n (A) → GL n (k)). Then ζ factors through R v if and only if ζ ′ does.
We consider the deformation problem
(see sections 2.2 and 2.3 of [CHT08] for this terminology). We say that a lifting r :
We also define deformations of type S in the same way. Let Def S be the functor C O → Sets which sends an algebra A to the set of deformations ofr to A of type S. By Proposition 2.2.9 of [CHT08] Proof. We consider the case p = l; the other case is similar. Let R
. We claim that this homomorphism factors through R v λ ,cr ρ . This follows from the fact that R
] is reduced and l-torsion-free and every Q l point of this ring gives rise to a lift of ρ which is crystalline of l-adic Hodge type
. We claim that the kernel of the map β :
From this it follows that ker β ⊂ ℘. Since ℘ is minimal, we must have ker
] is I. The lemma follows.
A lower bound. Let F, F
+ , S, S andr be as in the previous section. In this section we will give a lower bound on the Krull dimension of the ring R univ S for certain deformation problems S.
For each place v ∈ S away from l, fix an inertial type τ v for I F v and assume thatr| GF v has a lift of type τ v (in other words, R
corresponding to a union of irreducible components.
For each place v ∈ S lying above l, let λ v be an element of (Z n + )
Hom(F v ,K) , and assume thatr| GF v has a crystalline lift which is ordinary of weight λ v and let R v be a quotient of the ring R
Lemma 3.2.4. Assume thatr is odd, and that H 0 (G F + ,S , adr(1)) = {0}. For S as above, the Krull dimension of R univ S is at least 1.
Proof. By Corollary 2.3.5 of [CHT08] (noting that χ(c v ) = −1 for all v|∞) we see that this dimension is at least
For v ∈ S away from l, we have dim R v = n 2 + 1 by Lemma 3.1.1. For v ∈ S lying over l we have dim
by Lemma 3.1.7 and the remark preceding it. We therefore have
giving the required bound.
3.2.5. A finiteness result. Let F, F + , S, S andr be as in the previous two sections.
all of which split in L, containing all places lying over a place in S (resp. containing exactly one place above each place in S ′ , and containing every place lying above a place in S).
We assume thatr| G L,S ′ is absolutely irreducible. Let
and
and let R 
Restricting the universal deformation valued in
Proof. The argument is extremely similar to that of Lemma 3.6 of [KW08] . Write 
is generated by the traces of the r L + ,F + (g) for g ∈ G F,S . Consider a prime ideal p of
. Because the image of r F + ,L + is finite, we see that the images of these traces in R univ /p are sums of roots of unity of bounded degree, so that R univ /p is finite. Thus R univ is a 0-dimensional Noetherian ring, so it is Artinian, and thus a direct product of Artin local rings with finite residue fields. Thus R univ is finite. It follows that R univ S0
is a finitely generated module over the complete local ring R univ S ′ 0 .
Ordinary automorphic representations
4.1. Ordinary automorphic representations of GL n . Let L be either a totally real number field or a quadratic totally imaginary extension of a totally real number
See section 5 of [Tay08] or section 4 of [CHT08] for definitions of these terms. Let l be a prime number and ι : 
for j = 1, . . . , n. We define the ordinary part (ι
to be the maximal subspace which is invariant under each U (j) ι * λ,̟v and such that every eigenvalue of each U (j) ι * λ,̟v is an l-adic unit. We define
We say that π is ι-ordinary at v if the space (ι
4.2. l-adic automorphic forms on definite unitary groups. Let F + denote a totally real number field and n a positive integer. Let F/F + be a totally imaginary quadratic extension of F + and let c denote the non-trivial element of Gal(F/F + ). Suppose that the extension F/F + is unramified at all finite places. Assume that n[F + : Q] is divisible by 4. Under this assumption, we can find a reductive algebraic group G over F + with the following properties:
. We can and do fix a model for G over the ring of integers O F + of F + as in section 2.1 of [Ger09] . For each place v of F + which splits as ww c in F there is a natural isomorphism
) and GL n (O Fw ). If v is a place of F + split over F and v is a place of F dividing v, then we let
consisting of matrices which reduce to an upper triangular matrix modulo v.
consisting of matrices which reduce to an upper triangular matrix modulo v c and to a unipotent matrix modulo
Let l > n be prime number with the property that every place of F + dividing l splits in F . Fix an algebraic closure Q l of Q l . Let K be an algebraic extension of Q l in Q l such that every embedding F ֒→ Q l has image contained in K and such that K contains a primitive l-th root of unity. Let O denote the ring of integers in K and k the residue field. Let S l denote the set of places of F + dividing l and for each v ∈ S l , let v be a place of F over v. LetS l be the set of v for v ∈ S l .
Let W be an O-module with an action of
. We let S(V, W ) denote the space of l-adic automorphic forms on G of weight W and level V , that is, the space of functions
Let I l denote the set of embeddings F ֒→ K giving rise to a place inS l . To each λ ∈ (Z n + ) I l we associate a finite free O-module M λ with a continuous action of G(O F + ,l ) as in Definition 2.2.3 of [Ger09] . The representation M λ is the tensor product over τ ∈ I l of the irreducible algebraic representations of GL n of highest weights given by the λ τ . We write S λ (V, O) instead of S(V, M λ ) and similarly for any O-module A, we write
Assume from now on that K is a finite extension of Q l . Let l denote the product of all places in S l . Let R and S a denote finite sets of finite places of F + disjoint from each other and from S l and consisting only of places which split in F . Assume that each v ∈ S a is unramified over a rational prime p with [
We note that if S a is non-empty then U is sufficiently small (which means that its projection to G(F + v ) for some place v ∈ F + contains no finite order elements other than the identity).
with c > 0 and j = 1, . . . , n, consider the scaled Hecke operator
). This is the maximal submodule on which each of the operators U (j) λ,̟ v acts invertibly. This space is preserved by the Hecke operators
for w a place of F , split over F + and not lying over T , j = 1, . . . , n and ̟ w a uniformizer in O Fw , and
Let T n denote the diagonal torus in GL n . We define T n (l) as the pro-l part of
). In other words, we have an exact sequence
Define the completed group algebras
is independent of the weight λ in the sense that for each λ there is a natural isomorphism T
denote the universal ordinary Hecke algebra as in Definition 2.6.2 of [Ger09] . By definition, this is just T
, O) with a modified Λ + -structure which is more convenient from the point of view of Galois representations.
with residue field k which is non-Eisenstein in the sense of section 2.7 of [Ger09] . According to propositions 2.7.3 and 2.7.4 of [Ger09] one can choose a continuous homomorphism
withr m | GF absolutely irreducible and a continuous lifting
with the following properties:
(2) If v ∈ T is a place of F + which splits as ww c in F and Frob w is the geometric Frobenius element of G Fw /I Fw , then r m (Frob w ) has characteristic polynomial
We make the following assumptions:
The set S a is non-empty and for v ∈ S a , r m | GF v is unramified and
where for a group H, H(l) denotes the pro-l completion. The inverses of the Artin maps Art F v for v ∈ S l give rise to an isomorphism
and hence an isomorphism
Corollary 3.1.4 of [Ger09] shows that r m satisfies the following property, in addition to (0)-(4) above:
the quotient of R rm|G F v corresponding to lifts r for which r(σ) has characteristic polynomial (X − 1) n for each σ ∈ I F v . This ring is studied in section 3 of [Tay08] . Let
Let C Λ denote the category of complete local Noetherian Λ-algebras with residue field k. We say that a lift r ofr to an object A of C Λ is of type S Λ if for each v ∈ S l , the homomorphism R r|G F v ⊗ O Λ F v → A coming from r| GF v and the Λ-structure on
. We define deformations of type S Λ in the same way. Let Def SΛ : C Λ → Sets be the functor which sends an object A to the set of deformations ofr to A of type S Λ . This functor is represented by an object R univ SΛ of C Λ . Properties (0)-(5) above imply that the lift r m ofr m to T T,ord (U (l ∞ ), O) m is of type S Λ and hence gives rise to a homomorphism of Λ-algebras
The following result is contained in Theorem 4.3.1 of [Ger09] .
and µ m ≡ n mod 2 so thatr m is odd.
given by the λ τ |F for τ : F v ֒→ K. In section 3.1.2 we associated to λ v an n-tuple of characters (χ
and taking the tensor product over the places v ∈ S l , we get a homomorphism
We denote the kernels of these homomorphisms by ℘ λ v and ℘ λ . The next result follows from Corollary 2.5.4 and Lemma 2.6.4 of [Ger09] (noting that U is sufficiently small since S a is non-empty). 
whose kernel is nilpotent.
Let λ and λ v for v ∈ S l be as above. Consider the deformation problem
and the corresponding deformation ring R red /℘ λ is a finite O-algebra. The result follows.
Existence of lifts
5.1. Let F be an imaginary CM field, F + its maximal totally real subfield and c the non-trivial element of Gal(F/F + ). Let π be a RACSDC automorphic representation of GL n (A F ) and ι an isomorphism Q l ∼ −→ C. In [CH09] it is shown that there is a semisimple representation
uniquely determined by the following properties:
(1) r l,ι (π) c = r l,ι (π) ∨ ǫ 1−n ; (2) for w a place of F not dividing l we have consisting of elements λ with λ τ c,j = −λ τ,n−j+1 for all τ : F ֒→ Q l and j = 1, . . . , n.
and w is a place of F dividing l, we let λ w = (λ w,σ ) σ be the element of (Z n + )
Hom(Fw,Q l ) determined by λ w,σ = λ σ|F for all σ : F w ֒→ Q l . One can find a finite extension K of Q l with ring of integers O so that r l,ι (π) can be conjugated to take values in GL n (O). Reducing modulo the maximal ideal of O, extending scalars to F l and semisimplifying, one obtains a representation r l,ι (π) : G F → GL n (F l ) which is independent of any choices made.
If K (resp. k) is an algebraic extension of Q l (resp. F l ) and ρ : Ger09] .
We are now ready to prove our main theorem. For the convenience of the reader, we recall all our assumptions in the statement of the theorem.
Theorem 5.1.1. Let F be an imaginary CM field with maximal totally real subfield F + . Let n ≥ 2 be an integer and l > n a prime number. Suppose that ζ l ∈ F . Assume that the extension F/F
+ is split at all places dividing l. Suppose that
is an irreducible representation satisfying the following assumptions.
(1) The representation ρ is ordinarily automorphic (so in particular
such that for every place w|l of F , ρ| GF w has an ordinary crystalline lift of weight λ w . Then ρ has an automorphic lift ρ which is crystalline and ordinary of weight λ w at each place w of F dividing l, and which is ordinarily automorphic of level prime to l.
In Proof. It suffices to prove the final statement. Choose an isomorphism ι : Q l ∼ −→ C and a RACSDC automorphic representation π of GL n (A F ) which is ι-ordinary at all places dividing l such thatr l,ι (π) ∼ = ρ. By Lemma 2.1.4 of [CHT08] , ρ extends to a representationr :
Extending S if necessary, we may assume that S contains all places above l and that ρ is unramified away from S. Indeed, for the places v ∤ l just added to S, the lift r l,ι (π)| GF v determines an inertial type τ v for I F v and at least one irreducible
Choose a finite extension K of Q l inside Q l with residue field k and ring of integers O containing a primitive l-th root of unity so that r l,ι (π) can be conjugated to take values in G n (O), so that K contains the image of every embedding F ֒→ Q l and so that each type τṽ for v ∈ S, v ∤ l is defined over K. Assume from now on that r l,ι (π) takes values in G n (O).
By Lemma 2.1.4 of [CHT08] , ν •r = ǫ 1−n δ µ F/F + for some µ ∈ Z/2Z, where δ F/F + is the quadratic character of G
• adr(Frob v1 ) = 1. The last two conditions imply that H 0 (G Fv 1 , adr(1)) = {0}. Choose a CM extension L of F with the following properties:
• L/F is Galois and soluble;
• L is linearly disjoint from F ker(adr) (ζ l ) over F ;
• all primes of L lying above S or {v 1 } are split over L + where L + is the maximal totally real subfield of L;
• the extension L/L + is unramified at all finite places;
• for each place v ∈ S away from l and each place w of L lying over v, we have Nw ≡ 1 mod l, ρ(G Lw ) = {1 n }, the type τ v becomes trivial upon restriction to I Lw and if π L denote the base change of π to L, then (π L )
Iw(w) w = 0.
• the places {v 1 , cv 1 } split completely in L;
• for each place v ∈ S dividing l and each place w of L lying over v we have ρ(G Lw ) = {1 n }.
• if w is a place of L not lying over l such that (π L ) w is ramified, then w lies over a place of L + which splits in L, and (π L )
Iw(w) w = 0. Let T denote the set of places of L + comprised of those lying above S ∪ {v 1 | F + }, together with any places of L + over which there is a place w of L with (π L ) w ramified. Let T denote a set of places of L, containing all places lying above S ∪ {v 1 }, such that T consists of one place w for each place w ∈ T . For each w ∈ T lying above
of R ρ|G L w corresponding to lifts for which each element of inertia
Extend K if necessary so that it contains the image of every embedding L ֒→ Q l . For w ∈ T lying above l, let 
l] is non-zero. Any closed point on this ring gives rise to a crystalline ordinary representation ρ of G F which is ordinarily automorphic upon restriction to G L . By Lemma 1.4 of [BLGHT09] any such ρ is automorphic and hence, by Lemma 5.1.6 of [Ger09] , is in fact ordinarily automorphic. Finally, it follows from Theorem 5.3.2 of [Ger09] that such a ρ is ordinarily automorphic of level prime l.
We can frequently make this rather more explicit.
Corollary 5.1.2. Let F be an imaginary CM field with maximal totally real subfield F + . Let n ≥ 2 be an integer and l > n a prime number. Suppose that ζ l ∈ F .
Assume that the extension F/F
+ is split at all places dividing l. LetS l be a set of places of F lying over l, containing exactly one place above each place of
(1) The representation ρ is ordinary automorphic (so in particular ρ c = ρ 
is a finite O-module of rank at least 1.
6. Serre weights 6.1. We now put ourselves in the setting of section 4.2. In particular, we let F + denote a totally real number field and n a positive integer. Let F/F + be a totally imaginary quadratic extension of F + and let c denote the non-trivial element of Gal(F/F + ). Suppose that the extension F/F + is unramified at all finite places. Assume that n[F + : Q] is divisible by 4. We note that we could make somewhat weaker assumptions, but the necessity of considering definite unitary groups which fail to be quasi-split at some finite places would complicate the notation unnecessarily.
Let G be the reductive algebraic group over F + defined in section 4.2, together with a fixed model over O F + as before. Again, we take a prime number l > n so that every place in the set S l of places of F + dividing l splits in F . Fix a setS l of places of F consisting of exactly one place above each place in S l . Let O be the ring of integers of Q l , with residue field F l . LetĨ l denote the set of embeddings F ֒→ Q l giving rise to one of the placesṽ ∈S l . LetĨṽ denote the subset ofĨ l giving rise toṽ. Let the residue field of Fṽ be k(ṽ). Then any element σ ∈Ĩṽ induces an embedding σ : k(ṽ) ֒→ F l . For an embedding τ : k(ṽ) ֒→ F l , we letĨ τ denote the subset ofĨṽ consisting of the σ with σ = τ . We let I l be the set of embeddings τ : k(ṽ) ֒→ F l (running over all v).
Define (Z n + )Ĩ l as in section 4.2. Let (Z n + ) I l be the subset of (Z n ) I l consisting of λ with l − 1 ≥ λ τ,i − λ τ,i+1 ≥ 0 for all τ and all i = 1, . . . , n − 1. Let (Z n +,res )Ĩ l denote the subset of (Z n + )Ĩ l consisting of weights λ with the property that for each v and τ : k(ṽ) ֒→ F l , it is possible to writeĨ τ = {σ τ,1 , . . . , σ τ,e } with λ στ,i ,j = 0 if i > 1 and l − 1 ≥ λ στ,1,j − λ στ,1,j+1 ≥ 0 for all j = 1, . . . , n − 1. This being the case, we define λ τ,j := λ στ,1,j . In this way, we define a surjective map π from (Z n +,res )Ĩ
Fix λ ∈ (Z n +,res )Ĩ l . We now consider the finite free O-module M λ of Definition 2.2.3 of [Ger09] . This has a continuous action of
Let S a be a nonempty set of finite places of F + , disjoint from S l , such that any place v of S a splits in F and is unramified over a rational prime p with [F (ζ p ) :
Then (because S a is nonempty) U is sufficiently small, and
Let T be a finite set of finite places of F + which split in F , containing S l and all the places v which split in F for which
). We let T T,univ λ be the commutative O-polynomial algebra generated by formal variables T
(j)
w for all 1 ≤ j ≤ n, w a place of F lying over a place v of F + which splits in F and is not contained in T , together with variables T (j) λ,ṽ for all v ∈ S l and j = 1, . . . , n. We now fix a uniformiser ̟ṽ of O Fṽ for each v ∈ S l . The algebra T T,univ λ acts on S(U, M λ ) via the following Hecke operators:
•
for w ∈ T and ̟ w a uniformiser in O Fw , and
for v ∈ S l . Suppose that m is a maximal ideal of T λ,ṽ , and
• ρ ∼ =rm|G F . We say that ρ is modular and ordinary if it is modular and ordinary of some weight λ ∈ (Z n +,res )Ĩ l .
Note in particular that if ρ is ordinary and modular then it is unramified at any place of F which doesn't split over F + . We have the following theorem.
Theorem 6.1.2. Suppose that
(1) The representation ρ is modular and ordinary (so in particular ρ c = ρ
Then ρ is modular and ordinary of weight λ ∈ (Z [Ger09] that there is a RACSDC representation π of GL n (A F ) which is unramified at l, ι-ordinary at all v|l (by Lemma 2.7.6 of [Ger09] ) and which satisfiesr l,ι (π) ∼ = ρ. Thus r l,ι (π) is ordinary and crystalline of weight λ. The representations r l,ι (π)| GFṽ then provide the required lifts.
For the converse, if the condition holds then by Theorem 5.1.1 ρ has a lift to a representation ρ which is crystalline and ordinary of weight λ and ordinarily automorphic of level prime to l. Say ρ = r l,ι (π). The result now follows from Corollaire 5.3 and Théorème 5.4 of [Lab09] , the strong multiplicity one theorem for GL n and Lemma 2.2.5 of [Ger09] .
We now show that if ρ is modular and ordinary of weight λ, then it is modular of weight π(λ) in the sense of generalisations of Serre's conjecture (cf. [Her09] ). This is a straightforward consequence of the elementary calculations underlying Hida theory, as we now explain.
Let v λ be the rank one O-submodule of M λ on which the usual maximal torus of GL n acts via the highest weight λ. Let v w0λ be the rank one O-submodule of M λ on which the usual maximal torus of GL n acts via the lowest weight w 0 λ.
The irreducible F l -representations of v∈S l GL n (k(ṽ)) are tensor products of irreducible representations of the GL n (k(ṽ)). From the standard classification of the irreducible F l -representations of GL n (k(ṽ)) (see for example the appendix to [Her09] ), one sees that:
(1) There is an irreducible F l -representation F λ of v∈S l GL n (k(ṽ)) for each
Il , and every irreducible F l -representation of v∈S l GL n (k(ṽ)) is equivalent to some
We have the following straightforward but crucial lemma.
Lemma 6.1.3. Let T l be the Hecke operator v|l,1≤j≤n T
Proof. We employ the notation of section 2 of [Ger09] ; specifically, let α be the element of G(A ∞ F + ) defined in the proof of Lemma 2.5.2 of [Ger09] . Then (w 0 λ)(α) −1 α acts by an l-adic unit on v w0λ , but by an eigenvalue with positive l-adic valuation on every other weight space in M λ . The result follows immediately from the fact that P λ contains v w0λ ⊗ F l .
Note that if U , T , λ are as above and m is a maximal ideal of T T,univ λ with residue field F l such that S(U, P λ ) m = 0, then S(U, M λ ) m = 0, and we have a Galois representationr m as before. λ,ṽ , and
Proof. This is an immediate consequence of the definitions and of Lemma 6.1.3. λ,ṽ , and
We can then reinterpret Theorem 6.1.2.
Theorem 6.1.6. Suppose that
(1) The representation ρ is ordinary and modular (so in particular ρ c = ρ Proof. This follows at once from Theorem 6.1.2, Lemma 6.1.3, and Lemma 6.1.5.
GSp 4
7.1. Definitions. We define GSp 4 to be the reductive group over Z defined as a subgroup of GL 4 by GSp 4 (R) = {g ∈ GL 4 (R) :
where µ(g) is the similitude factor (which is uniquely determined by g), and J is the antisymmetric matrix 0 X −X 0 where X is the 2 × 2 antidiagonal matrix with all entries on the antidiagonal equal to 1. Note that the map µ : g → µ(g) gives a homomorphism GSp 4 → G m . Proof. By Lemma 2.1.10 of [CHT08] , we see that ρ is ker(GL 4 (R) → GL 4 (k))-conjugate to a representation ρ ′ valued in GL 4 (S). Now, (µ • ρ) 2 = det ρ = det ρ ′ is valued in S, which by Hensel's lemma means that µ • ρ is valued in S. Thus t (ρ ′ ) −1 (µ•ρ) is also valued in GL 4 (S). Because ρ ′ and t (ρ ′ ) −1 (µ•ρ) are conjugate in GL 4 (R) they are also conjugate in GL 4 (S), by Théorème 1 of [Car94] . Suppose that
The matrix B is antisymmetric (because ρ is symplectic). By choosing a symplectic basis for the symplectic form determined by B, we see that ρ is GL 4 (R)-conjugate to a representation valued in GSp 4 (S), and it is easy to check that one may choose the symplectic basis so that the conjugating matrix is in ker(GL 4 (R) → GL 4 (k)). It remains to check that the conjugating matrix is also in GSp 4 (R); but this is an immediate consequence of Schur's lemma.
Symplectic lifting rings (local case).
Fix as before a finite field k of characteristic l > 2, and a finite totally ramified extension K of W (k)[1/l] with ring of integers O. Let the maximal ideal of O be m K = (π K ). Let M be a finite extension of Q p for some prime p, possibly equal to l. In the case where p = l, we assume that K contains the image of every embedding of M into K. Let
be a continuous representation. Since GSp 4 is an algebraic subgroup of GL 4 , we can also view it as a representation to GL 4 (k). Then there is a universal O-lifting
and it is immediate that there is a quotient R ,sympl ρ of R ρ and a universal symplectic lifting ρ ,sympl : G M → GSp 4 (R
,sympl ρ
).
We will need to study certain refined lifting problems. Suppose that p = l. Let λ be an element of (Z 4 + )
Hom(M,K) and let v λ be the associated l-adic Hodge type (see section 3.1.2). Corollary 2.7.7 of [Kis08] shows that there is a unique l-torsion-free quotient R The following discussion will be useful below. Let E be a finite extension of K and let C E be the category of finite, local E-algebras with residue field E. If B is an object of C E , a symplectic B-module is a pair (V B , α B ) where V B is a free B-module of rank 4 with a continuous action of G M and α B is a symplectic pairing
for all x, y ∈ V B and g ∈ G M , for some continuous character 
together with a symplectic basis β B of (V B , α B ) reducing to β E under ι B . Let ρ E : G M → GSp 4 (E) be the matrix of V E with respect to β E . For an object B of C E there is a natural bijection between the set of isomorphism classes of framed deformations of (V E , α E , β E ) to B and the set of lifts (V B , ψ B ) . Let Fil i be the filtration on D B,τ . In order for D(α B ) to respect filtrations and to be non-degenerate we must have
In other words, we can find a symplectic basis e 1 , e 2 , e 3 , e 4 for D B,τ such that Fil ij = Be 1 + . . . + Be j for j = 1, . . . , 4. We define a symplectic filtered ϕ-module over an object B in C E to be a pair (D B , D(α B )) consisting of a weakly admissible rank 4 filtered ϕ-module D B over B ⊗ Q l M 0 and an alternating, non-degenerate morphism of filtered ϕ-modules
where D ψB is a weakly admissible rank 1 filtered ϕ-module over B ⊗ Q l M 0 . There is an obvious notion of isomorphism between symplectic filtered ϕ-modules and also an obvious notion of a deformation of a symplectic filtered ϕ-module over E to an object B of C E . The functors D cris and V cris are quasi-inverse equivalences of categories between the category of crystalline symplectic B-modules and the category of symplectic filtered ϕ-modules over B (all morphisms in these categories are isomorphisms).
Suppose now that M is a finite extension of Q p , p = l. Then it is easy to check (for example by considering the Weil-Deligne representation corresponding to the universal lifting) that the inertial type at a closed point of the generic fibre is an invariant of the irreducible components of R In applications we will fix the similitude character of our deformations. To this end, fix a character ψ : . Let ad ρ denote the Lie algebra of GSp 4 over k, and ad 0 ρ the Lie algebra of Sp 4 . These have a natural action of G M via ρ and the adjoint action of GSp 4 (k), and are respectively 11-dimensional and 10-dimensional k-vector spaces.
We have the following result on the dimensions of these local lifting rings. 
The matrix M ϕ of ϕ with respect to this basis is an element of 
of ρ E with similitude character ψ. These sets are naturally E-vector spaces. Since the natural map
By the discussion preceding the proposition, we see that there is a natural bijection between such that ϕ ′ = (1 + εX)ϕ and Fil ′ = (1 + εY ) Fil. Moreover, any such pair X, Y gives rise to a deformation of (D E , D(α E )) and we get a surjective linear map
The kernel of this map is the image of the map
. Denote the kernel of this last map by (g
ϕ=1,Fil . We have shown that
The result now follows from the fact that dim E g
ϕ=1,Fil via D cris . Now suppose that p = l. In this case we only need to establish a lower bound on the dimension, and we do this by means of a slight variant of Mazur's lower bound for the dimension of an unrestricted deformation ring (see Proposition 2 of [Maz89] ). Note that by the construction of the ring R [Kis07a] shows that it is necessary to quotient out by at most dim k H 2 (G M , ad 0 ρ) relations. Thus every component of
where D ,sympl is the functor represented by R ,sympl,ψ ρ . The elements of this space are 1-cocycles in Z 1 (G M , ad 0 ρ), so we see that
Thus every component of R ,sympl,ψ ρ has dimension at least
by the local Euler characteristic formula, as required.
Remark 7.2.2. It is presumably possible to use the techniques of [Kis08] to prove that if p = l, and τ is such that the ring R sympl,τ,ψ is non-zero, then it is equidimensional of dimension 11. As we do not need this result we have not attempted to verify this.
The following lemma can be proved in exactly the same way as Lemma 3.3.3 of [Ger09] . 7.3. A lower bound on the dimension of a symplectic deformation ring. In this section we outline a proof of a lower bound on the dimension of a global deformation ring. This material is by now rather standard (see for example section 4 of [Kis07a] or Corollary 2.3.5 of [CHT08] ), and we content ourselves with a sketch of the proofs.
Suppose that F + is a totally real field. Let ρ : G F + → GSp 4 (k) be absolutely irreducible. Let S be a finite set of finite places of F + , including all places at which ρ is ramified, and all places dividing l. Let F + (S) be the maximal extension of F + unramified outside of S, and write G F + (S)/F + for the Galois group Gal(F + (S)/F + ) (note that we do not use the more usual notation G F + ,S for this group, as to do so would be inconsistent with [CHT08] and the earlier sections of this paper). Fix a character ψ :
If R is a complete local Noetherian O-algebra with residue field k, then an R-valued deformation of ρ is a ker(GSp 4 (R) → GSp 4 (k))-conjugacy class of liftings of ρ to GSp 4 (R). Since ρ is absolutely irreducible, it is an easy consequence of Schur's lemma that ρ has a universal symplectic deformation with fixed similitude factor ψ to a complete local Noetherian O-algebra R For i = 1, 2 we let h i S denote the k-dimension of the kernel of the natural map Proof. This may be proved in exactly the same fashion as Proposition 4.1.4 of [Kis07a] .
Then for some non-negative integer r and some f 1 , . . . , f r+s , there is an isomorphism
Proof. This is very similar to the proof of Proposition 4.1.5 of [Kis07a] . By Proposition 7.3.1 we see that the result will hold with s chosen such that
so it suffices to show that this agrees with the value of s in the statement of the corollary. Note firstly that Hom
shows that this space has k-dimension
Similarly,
The condition that H 0 (G F + (S)/F + , (ad 0 ρ) * (1)) = 0, together with the last 3 terms of the Poitou-Tate sequence, shows that the map θ 2 is surjective, so that
where χ denotes the Euler characteristic as a k-vector space, and it suffices to show that
This follows at once from the local and global Euler characteristic formulae.
For each place v ∈ S not dividing l we fix a type τ v such that ρ| G F + v has a symplectic lifting of type τ v and similitude character ψ| G gives an R-point of R v (that this functor is well defined follows from the symplectic analogue of Lemma 3.2.3 which can be proved in the same way). Thus R ,ψ,τ F + ,S is formally smooth over R sympl,ψ,τ F + ,S of relative dimension 11|S| − 1.
Definition 7.3.3. We say that ρ is odd if for all complex conjugations c ∈ G F + , (µ • ρ)(c) = −1. Proposition 7.3.4. Assume that ρ is odd and that
is at least one.
Proof. It suffices to check that the dimension of R ,ψ,τ F + ,S is at least 11|S|. By Corollary 7.3.2, it would be enough to check that dim R ψ,τ
By Propositions 7.2.1 and 7.2.3,
An easy calculation using the fact that ρ is odd shows that for each v|∞,
, ad 0 ρ) = 4 (for example, one easily checks that if c v is a corresponding complex conjugation then ρ(c v ) is conjugate to the diagonal matrix diag(1, 1, −1, −1), and one may then compute explicitly). Thus
as required.
7.4. Relationship to unitary representations. Let F be a totally imaginary CM field with maximal totally real field F + , with the property that all primes in S split in F . LetS denote a set of places of F consisting of one place dividing each place in S. Recall that we let G F + ,S = Gal(F (S)/F + ). Let ρ : G F + → GSp 4 (R) be a continuous representation, with R a complete local Noetherian ring. Then, as in Lemma 2.1.2 of [CHT08] , there is a continuous homomorphism r : where a 2 = µ(B) −1 (such an a exists because µ(B) ∈ 1 + m B and l > 2). Applying this construction to the universal symplectic deformation of the previous section
we obtain a deformation
We may also consider the corresponding residual representation
and (in the notation of sections 2.2 and 2.3 of [CHT08] ) the deformation problem
with corresponding universal deformation
Since
such that there is an equality of deformations
is finite over R )). Then r F,F + is equivalent tor, so it has finite image, and thus the image of ρ F,F + is also finite. An argument exactly as in the proof of Lemma 3.2.5 (using Lemma 7.1.1 to see that the universal deformation ring is generated by traces) shows that R sympl,ψ,τ F + ,S /θ(m R univ S ) is finite, as required. 7.5. Companion forms for symplectic Galois representations and automorphic representations for GL 4 . We now prove our first companion forms theorem for symplectic representations. This theorem applies to automorphic representations of GL 4 ; in the next section we will use functoriality to deduce a result for automorphic representations of GSp 4 .
Suppose that π is a RAESDC representation of GL 4 (A F + ), with π ∨ ∼ = χπ. Let ι : Q l ∼ −→ C. Then there is a continuous semisimple representation
associated to π (see theorem 1.1 of [BLGHT09] ). We say that a representation ρ :
The representation ρ l,ι (π) may be conjugated to be valued in the ring of integers of a finite extension of Q l , and we may reduce it modulo the maximal ideal of this ring of integers and semisimplify to obtain a well-defined continuous representation
We say that a representation ρ : G F + → GL 4 (F l ) is automorphic if ρ ∼ = ρ l,ι (π) for some ι, π. We say that ρ is symplectic ordinarily automorphic if ρ ∼ = ρ l,ι (π), where π is ι-ordinary and ρ l,ι (π) is symplectic. We say that ρ is symplectic ordinarily automorphic of level prime to l if furthermore π may be taken to be unramified at all places dividing l. Proof. This follows from Lemma 7.4.1, Corollary 5.1.3 and Proposition 7.3.4 (note we are free to choose F linearly disjoint from (F + ) ker ad ρ (ζ l ) over F + ).
Suppose that ρ :
Then the similitude factor ψ of ρ is a crystalline character of G F + , so there is an integer n such that for all places v|l, ψ| I
representation with similitude factor ψ ′ , and that ρ = ρ ′ . Then ψ = ψ ′ , and there is an integer n ′ such that for all places v|l, ψ| I
character of G F + whose reduction mod l is everywhere unramified. This motivates the choice of similitude factor in the following theorem (in particular, it shows that our choice of similitude factor does not exclude any possibilities for the Hodge-Tate weights of the Galois representations we construct). 
is an irreducible representation, and let n be an integer such that ǫ n is an unramified character of G F + . Suppose that ρ satisfies the following assumptions.
(1) There are finite fields
The representation ρ is symplectic ordinarily automorphic of level prime to l; say ρ ∼ = ρ l,ι (π), and write ψ for the similitude factor of ρ l,ι (π). (3) Define ψ n := ψǫ nω−n , whereω is the Teichmüller lift of the mod l cyclotomic character (so ψ n = ψ, and ψ n is crystalline). There is an element λ ∈ (Z 4 )
has an ordinary crystalline symplectic lift of weight (λ τ ) τ (where the indexing set runs over the embeddings τ ∈ Hom(F + , Q l ) inducing v) and similitude factor ψ n .
Then ρ has an ordinary crystalline symplectic lift ρ of weight λ which is ordinarily automorphic of level prime to l. Given any finite set of places S of F + , and an inertial type τ v for each v ∈ S not dividing l such that ρ| G F Proof. It suffices to prove the last statement. Enlarge S if necessary so that S contains all places of F + dividing l and all places at which ρ is ramified. Choose a totally imaginary quadratic extension F/F + such that all places in S split in F , and such that F is linearly disjoint from (F + ) ker ρ . Note that we can choose a type τ v at any place not dividing l such that ρ| G
has a symplectic lift of type τ v and similitude factor ψ n ; ρ l,ι (π)| G F + v provides such a lift if n = 0, and we may twist this lift in the general case (note that ψ n ψ −1 is unramified at v, and there is no obstruction to taking a square root of an unramified character). We then consider deformation problems as in the previous section. By Lemma 2.5.5 of [CHT08] , and the fact that PSp 4 (k) is simple, we see that ρ(G F + (ζ l ) ) is big. Again, because PSp 4 (k) is simple, the abelianisation of ad ρ(G F + ) is a subgroup of
As this latter group has cardinality 2 and [F + (ζ l ) : F + ] > 2, we see that F + ker ad ρ does not contain F + (ζ l ). Then Corollary 7.5.1 gives the existence of a Galois representation satisfying every property except possibly automorphicity, which follows from Theorem 4.3.1 and Lemmas 1.4 and 1.5 of [BLGHT09] .
7.6. Companion forms for GSp 4 . We now prove results for automorphic representations for GSp 4 over totally real fields by making use of known cases of functoriality between GSp 4 and GL 4 . The main result we need is the following. Proof. This is a special case of Theorem 13.1 of [GT07] .
Definition 7.6.2. Let F + be a totally real field, and let π be a cuspidal automorphic representation of GSp 4 over F + . Assume further that π is automorphic of
Hom(F + ,R) , in the sense that for each v|∞, π v is a discrete series representation with the same central and infinitesimal characters as the finite-dimensional irreducible algebraic representation of highest weight given by
Here µ v,1 ≥ µ v,2 ≥ 0 and µ v,1 + µ v,2 has the same parity as α v . Fix an isomorphism ι : Q l ∼ −→ C. Then we say that there is a Galois representation associated to π if there is a continuous semisimple representation
such that:
• for each finite place v ∤ l,
where rec is the local Langlands correspondence of [GT07] and | · | is the composition of the similitude character and the norm character.
• If π v is unramified at a place v|l then ρ π,ι is crystalline at v, and in any case it is de Rham.
for each embedding τ : F + ֒→ Q l , where
for each v|∞. Then for each τ : F + ֒→ Q l lying over a place v of F + , the Hodge-Tate weights of ρ π,ι | G F + v with respect to τ are the λ ι,µ,τ,j + 4 − j.
We now define what it means for a cuspidal automorphic representation of GSp 4 to be ordinary. We could do this directly in terms of Hecke operators on GSp 4 , but for the sake of brevity we use the local Langlands correspondences for GL 4 and GSp 4 and the definition of ordinarity for GL 4 . Q l ∼ −→ C with ρ ∼ = ρ π,ι , and for each τ : F + ֒→ Q l lying over a place v of F + , the Hodge-Tate weights of ρ π,ι with respect to τ are the λ τ,j + 4 − j. By the above definitions, we see that this is equivalent to π being automorphic of weight µ with λ ι,µ = λ. We say that ρ is GSp 4 -automorphic and holomorphic if π can be chosen to be a holomorphic discrete series at all infinite places, and that ρ is GSp 4 -automorphic and generic if π can be chosen to be globally generic (note that it is possible for ρ to be both holomorphic and generic, corresponding to different choices of π in the same global L-packet). We say that ρ is GSp 4 -ordinarily automorphic if π can be chosen to be ι-ordinary. We say that ρ is GSp 4 -ordinarily automorphic and holomorphic (respectively generic) if π may be chosen to be simultaneously ι-ordinary and holomorphic discrete series at all infinite places (respectively globally generic). Finally, we say in addition that ρ is automorphic of level prime to l if π l is unramified.
In recent work ([Sor08]) Sorensen has used Theorem 7.6.1 and the constructions of [HT01] to associate Galois representations to certain globally generic cuspidal representations of GSp 4 over totally real fields. In particular, he obtains the following theorem, which gives a ready supply of Galois representations associated to automorphic representations of GSp 4 . It is now straightforward to use the results of the previous sections to deduce a theorem about companion forms for automorphic representations of GSp 4 over F + .
Theorem 7.6.6. Let F + be a totally real field. Let l ≥ 5 be a prime number such that [F + (ζ l ) :
(1) There are finite fields Proof. This follows from Theorems 7.6.1 and 7.5.2. Note that if π is a globally generic automorphic representation of GSp 4 with ρ π,ι ∼ = ρ, then the transfer of π to GL 4 is cuspidal (because ρ is irreducible). Conversely, if Π is a RAESDC automorphic representation of GL 4 (F + ) with Π ∨ ∼ = χΠ, and ρ l,ι (Π) is symplectic, it follows that L S (s, Π, 2 ⊗χ −1 ) has a pole at s = 1 (because the corresponding statement is true for ρ l,ι (Π)).
In the case F + = Q, the fact that ρ is also GSp 4 -automorphic and holomorphic follows from Proposition 1.5 of [Wei05] (because our assumptions on ρ obviously imply that if ρ ∼ = ρ π,ι then π is neither CAP nor weak endoscopic).
In many cases we can make this rather more explicit, just as in the unitary case.
Lemma 7.6.7. Let M be a finite extension of Q l . Take λ ∈ (Z Proof. This is proved in exactly the same way as Lemma 3.1.5.
Just as in section 3.1.3, we can consider ordinary crystalline lifts of a particular form. Given ρ, λ as in the previous lemma (but no longer requiring that the characters µ i µ , and the following lemma may be proved in exactly the same way as Lemma 3.1.8. Proof. This follows from Theorem 7.6.6, together with Lemma 7.6.7 and Lemma 7.6.8.
Remark 7.6.10. It is expected that whenever π is a cuspidal automorphic representation of GSp 4 (A M ), M a number field, and π is neither CAP nor weak endoscopic, then π is stable. In the special case that π is a discrete series representation at each infinite place, this means that if π = π f ⊗ π ∞ (with π f , π ∞ respectively denoting the finite and infinite factors of π) then π f ⊗ π ′ ∞ is also automorphic for any π ′ ∞ in the same L-packet as π ∞ , i.e. we are free to change between holomophic and generic discrete series at any infinite place. Assuming this result, which is expected to follow from Arthur's work on the trace formula (cf. [Art04] ), one could conclude that the representation ρ in the above theorems is also GSp 4 -automorphic and holomorphic, even if F + = Q.
